If a seismic trace can be represented by a sparse model of the underlying reflection series then adjacent reflections can be resolved to a greater extent than might otherwise be possible, and in particular to a greater extent than is possible after wavelet or deconvolution processing aimed at amplifying the high frequency content of the data. The enhanced resolution can be used to derive a frequencyextended version of the input trace that contains higher useable frequencies than those obtainable by wavelet or deconvolution processing.
Introduction
The extent to which it is possible to resolve adjacent events in seismic data is generally described in terms of the convolutional model of a seismic trace -the trace consists of a reflection series convolved with the seismic wavelet plus data noise, and it is the characteristics of the wavelet that determine the degree to which reflections are resolvable. Various studies (e.g. Kallweit and Wood, 1982 , and references given there) relate seismic resolution to the width and frequency content of the seismic wavelet, and conclude that resolution increases if the wavelet bandwidth and/or its upper frequency (according to different studies) increase, if the wavelet spectrum is flat and if the wavelet is zero phase.
Processes such as predictive deconvolution, spectral whitening or inverse Q-filtering aim to increase resolution by increasing the frequency content of the wavelet and flattening its amplitude spectrum, in addition to perhaps also treating the wavelet phase spectrum. The starting point in such processes is either modeling or estimation of the wavelet amplitude spectrum plus possibly the phase spectrum. Then an inverse operator is designed that aims to flatten the amplitude spectrum and perhaps zero the phase spectrum.
Such processing is able to flatten the wavelet amplitude spectrum within a range of useable frequencies that is determined by the noise content of the data; typically processing tests are performed to establish the degree of spectral flattening that is possible before the noise amplification becomes unacceptable. The end result of such processing is usually taken to represent the limit of the available resolution for the data.
It is possible, however, to obtain greater resolution if it is acceptable to assume that the reflection series is sparse, in the sense that it has fewer non-zero values than there are data values, or has only a small number of large values. Wavelet processing of the type described above has an implicit assumption that the number of non-zero values in the reflection sequence equals the number of recorded data values (and that the reflections are at travel times corresponding to the sampling times of the recorded data). If the reflection series is sparse then it is possible to derive the reflectivity to a greater resolution than is possible by that approach; the sparseness assumption might be seen as a priori information that, if valid, can be used to improve the resolution of the derived reflectivity.
Frequency extension and sparse inversion
A variety of methods have been proposed for trace inversion with sparseness constraints on the derived reflectivity. The problem can be described, for example, in terms of L1-norm constrained inversion and then solved by a linear programming approach (see Fullagar, 1981 and Oldenburg et al, 1983) , by iteratively re-weighted least-squares (Daubechies et al, 2010) or by basis pursuit (Chen et al, 1998, Zhang and Castagna, 2011) .
We use here a variety of the orthogonal pursuits algorithm described by Pati et al (1993) . This was used for sparse seismic deconvolution by Broadhead and Tonellot (2010) , who give a brief mathematical description of the algorithm in their paper. The main steps in the algorithm are: (a) pick an event by correlating the current trace residual with the wavelet; (b) add a reflection with that amplitude and location to the set of reflections picked so far; (c) construct an intermediate trace model from the convolution of the wavelet and the picked reflections; (d) adjust the reflection amplitudes by least-squares adaption of the trace model to the input trace; (e) create a new residual trace by subtracting the adapted version of the trace model from the input trace; (f) repeat until the residual is below a given threshold or until the maximum number of iterations is reached.
Frequency extension, resolution, and sparse inversion
Constraints on the derived reflectivity are implicit in the limitation of the number of iterations performed, and further constraints can also be imposed by, for example, limiting the minimum separation between the picked reflections.
We use orthogonal matching pursuits to perform a type of "blind" deconvolution, in which the seismic wavelet is assumed unknown and is estimated as part of the procedure. We start by estimating the amplitude spectrum of the wavelet from the autocorrelation of the input data and we use this to construct a series of wavelets for different trial phase rotations. For each wavelet we derive a reflectivity estimate and then choose the phase value that gives the smallest residual as an estimate of the actual phase of the wavelet. Figure 1 demonstrates this approach, starting from a sparse synthetic reflectivity series and a wavelet with a frequency range of 6 to 36 Hz. We discuss the bandwidth limitations of sparse inversion in a later section and show that with this input frequency range and reflection sparseness it is possible to estimate the reflectivity to a resolution of approximately 8 ms. We therefore constrained the derived reflectivity to that minimum separation by subsampling the input trace prior to the inversion.
The inversion then generates a reflectivity estimate to an upper frequency of 62.5 Hz. From this a frequency extended version of the input trace can be constructed that is consistent with the underlying sparse model of the reflectivity, but now with an upper frequency of 62.5 Hz.
Figure 2 is an example of applying this type of process to a portion of North Sea data, where the result is compared to spectral whitening to an equivalent output bandwidth. The spectral whitening is far noisier than the frequencyextension although it contains similar events; the fact that the conventional process produces an equivalent although noisier result is reassuring, and could be seen as an indication of the validity of the frequency-extension result. o phase 6 to 36 Hz Butterworth filter that was used to represent the seismic wavelet. Trace (c) is the result of convolving (a) and (b). Trace (d) shows the result of sparse inversion (via orthogonal matching pursuits) at an 8 ms sampling interval, after resampling to the original 4 ms sampling. This is an estimate of the original reflectivity in (a), filtered to a high-cut of 62.5 Hz. Trace (e) is a frequency-extended version of the original trace obtained by applying the phase rotation detected by the inversion to (d). This is to be compared with trace (f), which is the result of filtering the known reflectivity with an equivalent bandwidth wavelet and the known phase rotation. In this section we show the relationship between reflection sparseness, data bandwidth and resolution in sparse inversion. We also establish an approximate rule for the degree of frequency extension that can be achieved by sparse inversion.
The issue of resolution in seismic trace inversion was investigated by Van Riel and Berkhout (1985) via a singular value decomposition analysis of a matrix representation of the problem. As part of their analysis the authors characterize the inversion result at individual reflection locations by resolution curves that are analogous to the output wavelet from conventional wavelet processing. This allows them to make quantitative statements concerning the improved resolution that is obtained when the reflection series is sparse.
The authors show that if the number of reflection values in the inversion model is equal to the number of data values of the input trace then inversion in the presence of a given level of data noise gives the same resolution as wavelet inversion at that noise level. Resolution increases beyond that level if the reflectivity series is sparse, with fewer nonzero values than input data values.
We used their method to derive resolution curves for the sparse reflection series in Figure 3 (a). The wavelet used to generate the curves had an output resolution after wavelet inversion of approximately 16 ms (using the Kallweit and Wood, 1982 , resolution criterion). The resolution curves in Figure 3 (b) show that after inversion for a reflection model with locations as in (a), adjacent events can be resolved to a time separation of between 9 and 7 ms -perhaps double the resolution of wavelet inverse processing.
The estimation error in sparse inversion also depends on the frequency content of the input data. We investigated the dependence on frequency content by comparing the reflectivity estimate for a range of different input bandwidths using a known synthetic reflection sequence. Figure 4 shows some sample results.
For each frequency range in the figure we derived a reflectivity estimate by orthogonal matching pursuits and computed the normalized root mean-square error (NRMSE) of the result (the root mean-square value of the difference between the estimated and the actual reflectivity, normalized by the root mean-square value of the actual reflectivity). The error decreases as the frequency range of the input increases, and from the results here and from other similar tests for different reflection sparseness and frequencies we chose an NRMSE value of 0.5 or less to indicate an acceptable level of error in the derived reflectivity (in the sense that it would not unduly influence interpretation of the result). For the 1 in 5 sparseness in Figure 4 , and at the 4ms sampling used for the inversion, Figure 3 . SVD analysis of resolution in parametric inversion (after van Riel and Berkhout, 1985) . The sparse set of reflections in (a) has separations that vary from 11 to 1 ms. The resolution curves in (b) show the features that inversion will produce for each individual reflection, given an assumed input bandwidth and noise level. By inspection, adjacent reflections are resolved to a separation of between 7 and 9 ms. This compares to the resolution of 16 ms that can be obtained from wavelet inverse processing with the same bandwidth and noise level. this corresponded to an upper frequency of 64 Hz or greater; that is, for this level of sparseness an upper frequency of 64 Hz or more is required to obtain an output resolution of 4 ms.
These tests were repeated for three different levels of reflection sparseness, for a range of input upper frequencies and for different sampling intervals for the computation. For each sampling interval the lowest frequency value was found for which the normalized root mean-square error in the reflectivity estimate was less than 0.5, and this was taken as the frequency required to resolve reflectors at a separation equal to that sampling interval. Figure 5 shows the resulting frequency versus resolution curves that were obtained for each of three levels of reflection sparseness. Also shown in the figure is the equivalent result derived by Kallweit and Wood (1982) from an analysis of the changes in the shape of the composite wavelet as two reflections are brought close to one another. For the range of reflection sparseness shown here, sparse inversion is able to identify adjacent events at perhaps twice the resolution (half the separation) of the Kallweit and Wood criterion.
If a frequency extended version of the input data is generated from the derived reflectivity, and if it is possible to model the seismic trace with reflection sparseness in this range, then this result suggests that bandwidth can be reliably increased by up to perhaps a factor of two. Beyond that point the derived reflectivity and the frequencyextended trace are likely to be unreliable.
Discussion and conclusions
In this paper we address the question of resolution in sparse inversion from a number of different directions. We use the SVD analysis in Figure 3 to make our central point -that the resolution available in seismic data can be greater than is generally assumed given a deconvolution or wavelet processing perspective. The relationship of resolution to the input bandwidth is demonstrated in Figures 4 and 5 and is an important aspect of sparse inversion that has not always been acknowledged in past applications, including those via matching pursuits and related algorithms. The bandwidth requirements are quite stringent, and we have seen, for example, that to obtain a resolution of 4 ms from sparse inversion requires an upper frequency of the order of 64 Hz or more. If sparse inversion is applied to a 4 ms sampled trace it would be rare to have sufficient bandwidth to construct a reliable result at that sampling interval.
If constraints limiting the reflection separation are applied as part of the inversion then the resolution of the output can be limited to what is possible given the input frequency content. This more modest objective is nonetheless adequate for the generation of a frequency-extended version of the input, as demonstrated in Figures 1 and 2 . In a manner similar to standard deconvolution, tests can be performed for a range of output frequencies that include the requisite constraint on reflector spacing, and the result chosen according to the trade-off between output bandwidth and noise.
The underlying issue here is one that is always present in any form of constrained inversion -the balance between the match to the original data and the strength of the constraints. In the North Sea data example in Figure 2 the input traces were modeled to within a residual error of a few percent, suggesting that the reflectivity estimate is likely to be an adequate representation of the data. The residual error should be closely monitored during testing and if larger than this should be investigated to assess the validity of the derived reflectivity. Figure 4 were conducted for a range of wavelet bandwidths and sampling intervals and for three different levels of reflection sparseness. For each bandwidth the minimum sampling interval that was considered to have an acceptably small estimation error (NRMSE less than 0.5) was selected as a measure of the resolution of the sparse inversion result. Also plotted is the resolution predicted from the output of wavelet inverse processing, derived from the Kallweit and Wood (1982) resolution criterion. For the levels of reflection sparseness shown, sparse inversion provides between 1.5 to 2 times the resolution of wavelet inverse processing. 
